The hydrostatic pressure stimulation of an appropriately cell-seeded porous scaffold within a bioreactor is a promising method for engineering bone tissue external to the body. We propose a mathematical model, and employ a suite of candidate constitutive laws, to qualitatively describe the effect of applied hydrostatic pressure on the quantity of minerals deposited in such an experimental setup. By comparing data from numerical simulations with experimental observations under a number of stimulation protocols, we suggest that the response of bone cells to an applied pressure requires consideration of two components; i) a component describing the cell memory of the applied stimulation, and ii) a recovery component, capturing the time cells require to recover from high rates of mineralisation.
Introduction
In vitro tissue engineering is a method for creating functional tissue and organ samples external to the body, with the aim of replacing damaged or diseased tissues and organs (Rose and Oreffo, 2002; Martin, 2004) . Our particular focus is on bone tissue engineering. By using autologous cells (donor and recipient being the same person), often seeded onto or into a scaffold which acts as a template for the developing tissue, tissue engineered products have many advantages for the replacement or treatment of damaged or diseased bone over traditional approaches, such as either bone grafting or non-living prostheses. The quantity of autologous bone that can be harvested for a bone graft is limited and the surgical procedures involved have a high risk of complications, while there can be problems with rejection and infection during allogeneic (donor and recipient being different people) bone grafting (Dimitriou et al., 2011; Schroeder and Mosheiff, 2011) . Non-living prostheses, for example metallic or ceramic implants, are not able to easily biologically integrate into the surrounding tissue. Moreover, they have different mechanical properties to that of bone that can lead to weakening at the bone-implant interface, and they can require surgical revision after several years of use (Schroeder and Mosheiff, 2011) . The engineering of functional bone tissue implants is an alternative strategy to replace bone, and is free from some of these risks and disadvantages. However, to date, only simple avascular tissues have been successfully engineered to a standard appropriate for their use in vivo (Orlando et al., 2011; Wong et al., 2010) . Research into methods for increasing the quality and quantity of tissue engineered products is essential. This requires a more detailed understanding of the processes involved during tissue development.
The development of the growing tissue construct, a term used to describe the combination of scaffold, cells, extracellular matrix and fluid, often occurs within a bioreactor. The use of a bioreactor enables precise control of the biophysical and biochemical environment experienced by the construct during growth (Rauh et al., 2011; El Haj and Cartmell, 2010; Yeatts and Fisher, 2011) . Cells respond to both biomechanical and biochemical cues and thus need to be subjected to the correct mechanical and biochemical environment to function appropriately (El Haj et al., 2005) . This is particularly important in the development of mechanosensitive tissues, such as bone (Mullender et al., 2004) .
Bone tissue consists of three main components: mineralised bone matrix, cells and interstitial fluid. The mineralised bone matrix consists of an organic matrix along with solid inorganic mineral, mostly in the form of hydroxyapatite (Buck and Dumanian, 2012) . The process of mineralisation of the matrix involves the conversion of soluble inorganic ions, dissolved in the bone fluid, into solid apatite crystals deposited on the collagen to form a composite which gives bone its ability to withstand loading forces (Clarke, 2008) .
Within the body, bone tissue growth and regulation is coordinated by three main cell types: osteoblasts, osteoclasts and osteocytes. Osteoblasts secrete large amounts of specialised extracellular matrix known as osteoid, composed largely of type I collagen. As the cells and the matrix both mature, the secreted proteome changes to include molecules with adaptations for mineralising and structurally modifying the matrix, including alkaline phosphatase, osteocalcin, osteopontin and osteonectin (Gorski, 2011) . The presence of these proteins in the extracellular matrix promotes the crystallisation of calcium and phosphate in the interstitial fluid into a basic form of hydroxyapatite aligned with the collagen fibrils, resulting in it becoming increasingly ossified, a process often termed primary mineralisation (Buehler, 2007; Boivin, 2007) . Secondary mineralisation occurs over a longer period of time, between several months to years, in order to strengthen the bone with more resilient matrix and is associated with changes in both the crystalline composition of the bone and the composition of proteins in the extracellular matrix (Henstock et al., 2015; Fuchs et al., 2008; Bala et al., 2010) . Osteoclasts degrade existing mineralised bone matrix, while osteocytes are a highly specialised cell type and are the main mechanosensors within bone tissue, converting mechanical signals into the biochemical cues to which osteoblasts and osteoclasts then respond, and hence regulate the local microstructure of the skeleton (Mullender et al., 2004) . Osteoblasts arise from mesenchymal stem cells through differentiation, and can further mature into osteocytes, whereas osteoclasts arise from a separate cell lineage, and are differentiated from haematopoietic stem cells (Buck and Dumanian, 2012) . Mechanical stimulation is essential for the maintenance and health of bone tissue, and the coordination of the functions of these different cell types (Chen et al., 2010; El Haj et al., 2005) , although the precise cellular response to mechanical loading is still unknown and is an active area of research.
The mathematical model developed in this paper is based on an experimental setup consisting of a mixture of active osteoblasts and osteocytes. Although osteoblasts use certain digestive enzymes to migrate through their environment and remodel their surrounding extracellular matrix, they are generally considered to be tissue-forming, rather than degrading cells (Paiva and Granjeiro, 2014) . Therefore, we determine that the main phenomena that we are investigating is that of primary mineralisation, and subsequent changes in the secondary phase of mineralisation are expected to have a very limited input due to the short duration and lack of osteoclasts in the experiment.
Mathematical modelling, in conjunction with biological experiments, has an important role to play in elucidating biological mechanisms occurring during the growth and development of tissues, and providing information that cannot be experimentally measured. Once a mathematical model is validated, it may be used to optimise the experimental strategy, with the aim of improving the quality of tissue engineered products. Several theoretical models have been developed to describe the growth of engineered tissues, as reviewed in O' Dea et al. (2012) . However, to the authors' knowledge, no mathematical models have been developed to describe the response of bone-producing cells to hydrostatic pressure stimulation. We note that a series of related papers adopted a multiphase modelling approach to investigate the effect of the pressures generated due to fluid motion and tissue growth within a perfusion bioreactor on the tissue composition, upon which the first of our models is loosely based (O'Dea et al., 2008 Osborne et al., 2010) , although a comparison to experimental data was not made. It should be noted that a number of hypotheses exist for predicting the formation of different tissue types (for example, bone, cartilage and connective tissue) under different mechanical stimulation protocols and magnitudes in vivo. Recent reviews of mathematical models based on these hypotheses may be found in Isaksson (2012) and Boccaccio et al. (2011) . It is an open question whether the hypotheses proposed are valid for in vitro tissue engineering studies (Khayyeri et al., 2009 ). However, we note that a number of these studies have hypothesised that bone mineralisation is affected by memory of the loading protocol. For example Levenston et al. (1994) included a fading memory component in their model of bone adaptation in response to mechanical loading in vitro, although no direct comparison to experimental data was made.
We develop a suite of mathematical models to elucidate the role of applied hydrostatic pressure on the quantity of minerals deposited in the engineering of a bone construct. It is well documented that hydrostatic pressure stimulation promotes stem cell differentiation down the chondrogenic lineage to form cartilaginous tissues (Elder and Athanasiou, 2009) . In contrast, the effects of hydrostatic pressure on bone cells, and the resultant effect on the bone tissue composition, has received less attention and is not well understood (Chen et al., 2010; Hess et al., 2010) . It is known that hydrostatic pressure is experienced by cells residing in the marrow space (Chen et al., 2010) , and the physiological pressure within the lacunar-canalicular system has been estimated computationally to reach 274 kPa during a typical walking loading strategy, with higher pressures being obtained during impact loading (Zhang et al., 1998b,a) . When artificially engineering bone in a bioreactor, cyclical or dynamic pressure is typically applied because it is physiologically more realistic than a constant applied pressure, and has been shown to produce constructs with more of an osteogenic phenotype (a denser and more mineralised construct) (Basso and Heersche, 2002; Roelofsen et al., 1995) . A variety of experimental studies on the effects of hydrostatic pressure on bone tissue development have been performed, using a range of cell types. Results indicate that dynamic hydrostatic pressure has a positive influence on bone development; it has been shown that hydrostatic pressure stimulation causes increased intracellular concentration of calcium ions , increased matrix mineralisation (Roelofsen et al., 1995) increased collagen and calcium content (Nagatomi et al., 2003) , decreased levels of osteocyte cell apoptosis , increased osteocyte viability (Takai et al., 2004) , and ultimately increased bone growth and mineralization (Henstock et al., 2013) .
We now detail the experiments on which we base our hypotheses, leading to the development of our mathematical models.
Experimental observations
Our focus here is on qualitatively representing an in vitro experimental setup of a mixture of active osteoblasts and osteocytes seeded in a collagen gel and submerged in a culture medium. The culture media contains nutrients, growth hormones and mineral ions, and is refreshed on a daily basis. The samples are subjected to sessions of hydrostatic pressure loading with the aim of testing the hypothesis that cyclic hydrostatic pressure stimulation results in a higher volume of minerals than in the absence of loading. The hydrostatic pressure bioreactor comprises a sealed vessel and a machine capable of compressing incubated air above a 6-well plate. Computer controlled compression of the gas phase allows for precise regulation of the frequency and amplitude of the pressure applied. Further details on the bioreactor equipment may be found in Henstock et al. (2013) . Three separate loading strategies are considered:
Oscillatory loading samples are placed in the bioreactor for one hour per day and subjected to sinusoidal pressure loading with a given amplitude and frequency, with the remaining time spent at atmospheric pressure;
Constant loading samples are placed in the bioreactor for one hour per day and subjected to a constant given pressure, with the remaining time spent at atmospheric pressure;
Control loading samples remain at constant atmospheric pressure for the entire experiment.
The experimental method of quantifying changes in the mineral volume of the constructs is by direct measurement of the construct by X-ray microtomography (μCT) and subsequent segmentation analysis. Each individual voxel of the μCT image has a related X-ray opacity (intensity), which is directly equivalent to the amount of calcification (referred to as bone mineral density, BMD, in most medical applications), where the voxel size is determined by the resolution of the scanner. The mineralised volume is defined as the number of voxels of the material above a certain defined threshold. As the quantity of deposited minerals increases, more voxels will come within the pre-determined density threshold and be counted as "mineralised", resulting in both the measured mineralised volume and the average density of the images increasing. Preliminary runs of the cell-seeded collagen gel experiments, which we wish to model, illustrated the same trends as those presented in Henstock et al. (2013) , which examined the bone density and volume of mineralisation of femurs, removed from 11 day old chick foetuses. The main experimental observations, which motivate our models, are as follows: 3 Observation 1 : samples under oscillatory loading showed a higher mineralised volume and a higher average μCT image density than samples under control loading. In comparison, the mineralised volume and average μCT image density of the samples were the same under constant loading (with a pressure of 279 kPa imposed in the bioreactor) and control loading conditions;
Observation 2 : after 14 days, there was a higher volume of mineralisation for samples subjected to oscillatory loading varying between 0 -279 kPa than samples subjected to oscillatory loading varying between 0 -7 kPa for fixed frequency;
Observation 3 : the average density of the μCT images of the samples was higher under oscillatory loading varying between 0 -279 kPa with a frequency of 2 Hz than a frequency of 0.005 Hz.
The authors concluded that dynamic variation of the applied pressure is required for an increased quantity of bone production, with the frequency and amplitude of the loading having an effect on the degree of mineralisation.
Mathematical modelling of the effect of hydrostatic pressure on mineralisation rate
In this paper we present a new ordinary differential equation (ODE) model to describe the growth and mineralisation of a collagen gel seeded with a mixture of osteoblasts and osteocytes under hydrostatic pressure loading. As the bone cell response to hydrostatic pressure stimulation is unknown, we examine three candidate mechanisms to describe this response with the aim of qualitatively reproducing the experimental observations detailed in Section 1.1. The available observations, being non-spatial, motivates the use of time dependent ODEs rather than a spatial model.
Experimental results indicate that the volume of collagen remains roughly constant throughout the experimental timeframe. This indicates that the osteoblast cells mainly deposit mineral crystals onto the existing collagen scaffold, rather than additionally secreting extracellular matrix, as indicated in the 2D schematic of the experimental setup in Figure 1 . Motivated by this, we model the temporal change in mineral volume, and assume that there is an adequate supply of mineral ions in the fluid, due to the regular renewal of the culture medium, which the osteoblasts can convert into solid minerals on top of the collagen. We make the assumption that the ratio of the number, and consequently volume, of the two cell types in the experimental system, osteoblasts and osteocytes, remains constant throughout the experimental timeframe, enabling us to represent all the cells by a single population. As osteoclasts, which arise from a different cell lineage, are not present in the experimental setup we do not include the effects of mineral degradation.
The dependence of the system on the applied hydrostatic pressure is captured through a pressuredependent mineralisation rate, and we examine three separate hypotheses for the response of cells to pressure, considering a sequential introduction of physical phenomena. The first hypothesis assumes that cells respond to higher pressures (within physiological ranges) by increasing the rate at which they deposit minerals. In the second model we hypothesise that the length of time at which cells can deposit at this increased rate is limited, while the third hypothesis makes the assumption that cells require a period of recovery in between each session of depositing minerals at the highest rate. Further mathematical details are given in Section 2 when the models are presented. Numerical simulations for the three separate models are presented in Section 3, and we make a qualitative comparison to the experimental observations described in Section 1.1. To do this, we compare the volume of minerals predicted by our mathematical model to the mineralised volume as measured through imaging techniques in the experiments. This comparison enables us to identify which of the models is the most appropriate in representing the experimental observations detailed in Section 1.1. Finally, we conclude and discuss our results in Section 4.
Model development
We now present the mathematical model describing the evolution of the volume of cells, represented by c(t), and the volume of minerals, represented by m(t), through time, t ≥ 0. Our aim is to qualitatively represent the experimental observations, and we present the model in dimensionless variables to allow candidate constitutive laws to be tested. We note that the model developed here is phenomenological in nature however all aspects of the model are motivated by the experimental system. Assuming that the collagen volume of each construct remains constant in time, and that cells need to be attached to the collagen matrix to proliferate (Schwartz and Assoian, 2001; McCoy and O'Brien, 2010) , the volume of cells is described by
where k b ≥ 0 is the cell birth rate and k d ≥ 0 is the rate of cell death. In Equation (1), r represents the maximal volume of the construct that can be occupied by cells, minerals and extracelullar fluid. (i.e. total volume of the construct less the volume of collagen, which is constant in time). Here the equations have been non-dimensionalised by this constant volume of collagen within the construct. We choose this particular non-dimensionalisation to allow for the case where the total volume of the construct can change over time, for example when considering the system for longer timescales. However, here we consider this volume to be constant in time. The first term on the right hand side of (1) is a logistic cell birth term that models the effect of the depletion of resources such as fluid and nutrients on the production of new cells. As hydrostatic pressure has not been reported to significantly influence the proliferation rate of bone cells, we make the assumption that the cellular proliferation rate is pressureindependent. The second term on the right hand side of (1) represents cell death, where we ignore the effects of pressure-dependent apoptosis which is witnessed only at very high pressures (Rivalain et al., 2010) , orders of magnitude above those found within the bioreactor. We assume that changes in the volume of minerals through time are attributable to mineral deposition by the osteoblast cells, which gives
where k p (t, p(t)) ≥ 0 is the pressure-dependent rate of mineral deposition and p(t) is the pressure experienced by the cells. As cells are required for mineral deposition to occur (both osteoblasts which deposit the minerals and osteocytes which sense the mechanical stimulation and coordinate the osteoblast response), the rate of increase in minerals is proportional to the cell volume, c. In addition, as the process of mineralisation requires a supply of mineral ions, the rate of mineralisation is also dependent on the volume fraction of fluid, represented by the term (1 − (c + m)/r) in a similar manner to that in (1). As for the cell birth term in (1) we require that c(t) + m(t) ≤ r holds so that the mineralisation term in (2) is non-negative. In fact due to the structure of the equations if c(0)+m(0) ≤ r then c(t)+m(t) ≤ r holds for all times t, which we now show. If c(t) + m(t) = r for a particular t, then by summation of (1) We assume that the pressure, p(t), is equal to that exerted on the surface of the culture medium. To represent the loading strategies investigated experimentally, we set
where f (t) describes the form of the applied pressure loading and a zero dimensionless pressure corresponds to atmospheric pressure. The loading strategies employed in Henstock et al. (2013) are described by (2πωt)), for oscillatory pressure loading, 2a, for constant pressure loading,
where a and ω are constants that describe the amplitude and frequency of the applied loading experienced within the bioreactor and 0 ≤ p ≤ 2a . Initial conditions for (1) and (2) are given by prescribed values of c(0) and m(0). Recalling that r is the maximum total volume of cells and minerals, we assume that
To close the system of equations given by (1) - (4) we require a description of the pressure-dependent mineral deposition rate k p . We now postulate three candidate constitutive laws for k p and examine the predicted response of the system. We then make qualitative comparisons with the experimental observations discussed in Section 1.1, allowing us to gain insights into the nature of the bone cell response to hydrostatic pressure loading.
Modelling the cell response to pressure
We now introduce and compare three separate models for k p , incorporating additional physical phenomena in turn, as follows.
Model 1
The experimental observations in Section 1.1 indicate that there exists a range of pressures to which bone cells respond by converting more minerals from ions in solution into solids (observation 2). Motivated by this, we assume that the rate of mineralisation is enhanced when the applied pressure is above a threshold, p 1 , in comparison to pressures below the threshold, p < p 1 , and represent this mathematically by
where k 2 > k 1 > 0. We note that this model resembles that used by O'Dea et al. (2008 and Osborne et al. (2010) , based on the experimental findings of Roelofsen et al. (1995) , with the exception that we here do not include a higher threshold above which mineralisation ceases. Although experimental findings suggest that very high pressures (above 100 -200 MPa) are inhibitory (Rivalain et al., 2010) , the experiments performed to date have not included such high pressures. The possibility of modifying the model in (5) to encompass the response under significantly higher applied pressures is discussed in Section 4.
Model 2
The experiments described in Section 1.1 indicate that dynamic stimulation is needed to develop an osteogenic phenotype, with constant applications of higher pressure resulting in less mineral deposition than oscillatory loading (observation 1). Motivated by this, we now hypothesise the presence of signalling molecules, released by the cells when pressure exceeds the threshold, p 1 , that are required for cells to deposit minerals at the higher rate of k 2 . Assuming there are limited supplies of these molecules, which are regenerated instantly when the pressure drops below p 1 , we assume that cells may only deposit minerals at a rate of k 2 for a total time T 1 ≥ 0, before returning to deposit at a rate k 1 . We note that the signalling pathways controlling the response to biomechanical loading are highly regulated and complex (Mullender et al., 2004; Klein-Nulend et al., 2005; Chen et al., 2010; Rawlinson et al., 1991) , but this model aims to represent the cascade of cell signalling processes that occur during and after the application of loading. Denoting the last time that the mineralisation rate increased from k 1 to k 2 by t 1 (t), the rate of mineral deposition is described by
We need to prescribe an initial value for t 1 , so that the model is well-defined for cases where the applied pressure is above the pressure threshold at the initial timepoint, i.e. p(0) ≥ p 1 . We set t 1 (0) = 0, so that if the pressure is initially above p 1 , the cells can begin to deposit minerals at the rate k 2 at t = 0.
Model 3
The form for k p (t, p(t)) given in (6) implies that the stores of signalling molecules are instantly regenerated when the pressure drops below the threshold. This assumption may not be sufficiently accurate when the frequency of the applied cyclic loading is so high that cells cannot sense and respond to changes in applied pressure. To account for the time required to regenerate the stores of these molecules, we further modify Model 2 by hypothesising that cells require a total time T 2 ≥ 0 at pressures below the threshold to regenerate the stores of the signalling molecules before deposition at the higher rate of k 2 can occur again. We denote the last time that the mineralisation rate decreased from k 2 to k 1 by t 2 , and define the indicator function χ by
so that the quantity t t2 (t) χ(τ ) dτ represents, at time t, the total time since t 2 (the time that the applied pressure has satisfied p < p 1 ), and consequently the regeneration time elapsed. We note that another modelling approach could have been to consider recovery as occurring when k p = k 2 , and so when cells are not mineralising the collagen at the higher rate. However, we here make the hypothesis that the pathways controlling the cellular response of mineralisation remain saturated, for example through blocked ion channels, until the applied pressure drops below the pressure threshold which then has the effect of opening these pathways. Such a hypothesis is motivated by previous work demonstrating that a rest in between loading applications is required for optimal osteocyte signalling due to the time required to regenerate resources (Ausk et al., 2004) . Using this hypothesis we now define k p (t, p(t)) as
We are required to provide an initial value of t 2 . Setting t 2 (0) = −T 2 means that cells can start depositing the first time the pressure goes above k 2 , which is appropriate as prior to this cells have been resting.
An overview of the three models
We now demonstrate the form of k p (t, p(t)) for Models 1 -3 when the system is subject to an applied cyclic pressure loading regime which oscillates between pressures of 0 and 2a. Illustrative parameters, T 1 = 1/5ω, T 2 = 3/5ω, k 2 = 10k 1 and p 1 = 8a/7, are used and the forms of k p (t, p(t)) are shown in Figure 2 . The response of all three models under a static application of applied pressure above the pressure threshold is shown in Figure 3 .
Under an oscillatory loading strategy, the time the applied pressure is above the pressure threshold each cycle of loading is given by
and this is illustrated in Figure 2 . Model 1 allows cells to perform mineralisation at a rate k 2 when pressures are above the pressure threshold p 1 , see Figure 2 (a). In this case, the length of time cells deposit minerals at a rate k 2 each 7 cycle of oscillatory loading is always equal to τ . In the case of a static application of an applied pressure lying above the pressure threshold, the model states that cells remain depositing minerals at the higher rate, see Figure 3 . Model 2 limits the total of time the cells can deposit at the higher rate, see Figure 2 (b). Now cells cease depositing at a rate k 2 while the pressure is still above the pressure threshold, as T 1 < τ for the illustrative parameters chosen. In the case of a static application of an applied pressure above the pressure threshold, this model predicts that the cells deposit at the higher rate of k 2 for a time of T 1 after which they would deposit at a rate k 1 for the remainder of the time, see Figure 3 .
The third model takes account of the time needed for the regeneration of the stores of the signalling molecules to occur, see Figure 2 (c); here the time below the threshold in between each loading cycle is insufficient for these stores to be regenerated, and so mineralisation at the higher rate occurs every other cycle.
We note that Model 1 may be considered a subset of Model 2, which may, in turn, be considered a subset of Model 3. As T 1 approaches infinity (or the length of the experiment), Model 2 becomes identical to Model 1, as t − t 1 (t) ≤ T 1 is always satisfied. This is equivalent to cells having sufficient stores of signalling molecules to allow them to mineralise uninterrupted for an infinite length of time (or a time equal to the length of the total experiment). When T 2 = 0, Model 3 is identical to Model 2, as regeneration of the signalling molecules stores occurs the instant the pressure drops below the pressure threshold and the inequality t t2 (t) χ(τ )dτ ≥ T 2 always holds.
Model predictions
Inspired by the experiments described in Section 1.1 we consider three separate loading strategies, and compare the predictions by Models 1 -3 for the quantity of minerals deposited. The first loading strategy, oscillatory stimulation loading, models samples placed in the bioreactor for 1 time unit every 24 time units, under cyclic loading at an amplitude of a pressure units and frequency of 3600 per unit time, and otherwise experiencing atmospheric pressure. The second loading strategy, constant stimulation loading, models samples that are also placed in the bioreactor for 1 time unit every 24, during which time they experience a constant pressure of 2a. The final loading strategy, the control loading strategy, models samples that remain outside the bioreactor for the total duration of the experiment, where they experience atmospheric pressure. We restrict ω to non-negative integer values, so that each session in the bioreactor consists of an integer number of full cycles of loading.
Parameters are chosen to illustrate the range of possible behaviours of the system . We set p 1 = a = 1 and r = 1. We set the initial conditions to be c(0) = 0.2 and m(0) = 0. Setting ω = 3600 (equivalent to 1 Hz if one time unit is equal to one hour), we choose T 1 to be the same order of magnitude as the time that the applied pressure is above the threshold p 1 during each cycle of the oscillatory stimulation loading regime, and T 2 is chosen to be slightly smaller than this. The choice of the remainder of the parameters is motivated by those obtained through comparison of a similar model to preliminary experiments in Leonard (2014) . These parameters are given in Table 1 . Figure 4 compares the mineral volume predicted by Models 1 -3 under the three loading strategies, using the parameters given in Table 1 . The volume of minerals predicted by Models 1 -3 at the experimental end point (480 units of time) under the three loading conditions is summarised in Table 2. We see in Figure 4 (a) that Model 1 predicts that mineral deposition is highest under the constant stimulation loading strategy, with the oscillatory loading strategy showing less mineral volume by the experimental end point. According to Model 1, cells can deposit at the higher rate of k 2 for the whole duration of the time they are in the bioreactor under the constant stimulated loading strategy. Under the oscillatory loading strategy, cells may deposit at the higher rate of k 2 only for a portion of this time, as the applied pressure is above the pressure threshold intermittently, and hence there is less mineral deposition overall. For the control loading conditions the applied pressure is always below the threshold p 1 and so mineral deposition occurs at the lower rate k 1 throughout the experimental time period resulting in the lowest quantity of minerals deposited. The mineral volume predicted under the constant stimulation loading strategy for Model 1, being higher than the volume predicted under the oscillatory stimulation loading strategy, contradicts experimental evidence (observation 1) and previous work, which demonstrates that dynamic rather than static loading is needed to maintain high levels of mineral deposition (Henstock et al., 2013) . Hence Model 1 is insufficient to replicate experimental observations for all parameter sets. In contrast to Model 1, both Model 2 and Model 3 predict a similar volume of minerals deposited under the control and the constant stimulated loading strategies, with the intermittent cyclic loading showing a higher volume of minerals deposited over the experimental timeframe, thereby representing the experimental observations 1 and 2. Due to the small size of T 2 , these two models yield identical behaviour under the loading strategies examined for the parameters in Table 1 as t t2 (t) χ(τ )dτ ≥ T 2 is always satisfied. According to Models 2 and 3, cells can respond by depositing minerals at the higher rate of k 2 for only a time T 1 under the constant stimulated loading regime while in the bioreactor due to the saturation of the pressure-sensing intracellular mechanisms, after which they resume depositing at the lower rate of k 1 , as indicated in Figure 3 . This results in the total mineral volume at the experimental end time point being only marginally higher under the constant stimulation than the control loading regime, see Table 2 . Under the intermittent oscillatory loading strategy, the stores of signalling molecules are continually regenerated, allowing cells to deposit at the higher rate of k 2 for a significant portion of the time and resulting in more mineral volume. These results indicate that Models 2 and 3 are more representative of cell response to pressure loading than the first model.
Rates of construct mineralisation
The effect of the recovery time T 2 on the behaviour predicted by Models 2 and 3 is examined in the next section. This difference in the response to applied pressure is then used in Section 3.3 to distinguish between these two models by examining the behaviour they predict under the oscillatory stimulation loading regime for a range of amplitudes and frequencies. (Figure 5(a) ) and varying frequency (Figure 5(b) ), to illustrate the effect the parameter T 2 has on the mineral volume over time. In (a) frequency is fixed at 3600 per unit time and T 2 is varied as shown in the legend. In (b) T 2 is fixed at 7.0 × 10 −5 units of time and the frequency of the loading is varied as shown in the legend. All other parameters are given in Table 1 .
The effect of the recovery time, T 2
Under an oscillatory loading strategy the time that the applied pressure is below the pressure threshold (p 1 ) each cycle is given by (1/(πω)) (arccos (1 − p 1 /a) ). According to Model 3 (defined by Equation (8)) if the integer n satisfies
then cells require n cycles of loading (n = 1, 2, 3, . . .) to recover from depositing minerals at the higher rate before sufficient stores of the signalling molecules are regenerated to allow mineral deposition at the higher rate to resume. This is equivalent to the forcing frequency satisfying
Consequently, the behaviour predicted by Model 2 departs from that of Model 3 when n > 1 and so πωT 2 > arccos (1 − p 1 /a), in which case cells cannot deposit minerals at the higher rate of k 2 each cycle of oscillatory loading, reducing the average rate of mineral deposition and consequently the total quantity by the experimental end point. To illustrate the effect of the parameter T 2 , the mineral volume versus time is plotted in Figure 5 (a) for varying T 2 . Model 3 is identical to Model 2 when T 2 is zero,
χ(τ )dτ ≥ T 2 is automatically satisfied. When T 2 is increased to 10 −4 units of time, Model 3 predicts that cells can only deposit minerals at the higher rate every other cycle of oscillatory loading, so the mineral deposition rate resembles that shown in Figure 2 (c) . This has the effect of reducing the average mineral deposition rate during the sessions in the bioreactor and, as a consequence, results in less minerals being deposited. As T 2 is increased further, to 2 × 10 −4 and 4 × 10 −4 units of time, the model predicts that cells can only deposit minerals at the higher rate of k 2 every third and every fourth cycle of the oscillatory loading respectively, resulting in less volume of minerals.
A similar effect is seen as the frequency of oscillatory loading is increased, as illustrated in Figure 5 (b). At a frequency of ω = 3600 cells can deposit at the higher rate each cycle of oscillatory loading. When the frequency is doubled to 7200 per unit time, cells can only deposit every other cycle of loading. At frequencies of 14400 and 21600 per unit time, cells require three and four cycles of loading respectively to regenerate sufficient stores of the signalling molecules after depositing minerals at the higher rate, before they have sufficient stores to deposit at the higher rate again.
Dependence on stimulation
We now use Models 1 -3 to investigate the predicted volume of minerals deposited under a range of oscillatory stimulation loading regimes, where we consider variations in amplitude (fixed frequency) and then frequency (fixed amplitude) in turn.
The effect of loading amplitude
Figure 6(a) shows the predicted absolute increase in the mineral volume at the experimental end point under oscillatory stimulation compared to the control loading conditions, for varying amplitude 11 with frequency fixed at 3600 per unit time. All models show a zero increase in mineral volume when a < p 1 /2, as the applied pressure never exceeds the threshold p 1 and consequently cells deposit minerals at a constant rate of k 1 under both loading regimes for all models. As the amplitude increases and a ≥ p 1 /2, the volume of minerals deposited under the oscillatory stimulation over the control loading regime increases, as the applied pressure is above the pressure threshold for more time, resulting in cells depositing minerals at the rate k 2 for longer. This increase ceases for Models 2 and 3 when the amplitude is sufficiently high that the total time the applied pressure is above the pressure threshold each cycle of loading, τ , is greater than T 1 , i.e. τ > T 1 . In this case, as the amplitude increases further, the total time cells can deposit at the higher rate of k 2 remains fixed at T 1 each cycle of loading, and so the graph exhibits a plateau. Model 1 does not include this limitation, and so the volume of minerals deposited under oscillatory stimulation over the control loading conditions continues to increase. By Equation (10), the quantity of minerals predicted by Model 2 differs from that of Model 3 when a > p 1 / (1 − cos(πωT 2 )). When this occurs, Model 3 predicts cells can no longer deposit minerals at the higher rate every cycle of oscillatory loading, resulting in a decrease in the volume of minerals deposited. For the parameters given in Table 1 this occurs when the amplitude of loading exceeds 3.36 units of pressure, as indicated in Figure 6 (a) by an X on the horizontal axis.
The effect of loading frequency
We now turn our attention to investigating the effect of frequency on the increase in mineral volume. Model 1 shows no change in the predicted volume of minerals deposited under the oscillatory stimulation over the control loading conditions as frequency increases for ω > 0, as can be seen in Figure 6 (b). This is because the portion of time the applied pressure is above the threshold while the sample is in the bioreactor is independent of frequency i.e. mτ is independent of ω, where m is the number of cycles of oscillatory loading and is equal to ω. This is inconsistent with the results of the experiments described in Section 1.1, which illustrate that the density of the μCT images of the samples, which corresponds to the total volume of minerals, is dependent on the frequency of the cyclic loading regime (observation 3), further demonstrating the inadequacy of Model 1 in representing the physical phenomena under consideration. At low frequencies, the quantity of the signalling molecules limits the length of time cells can deposit minerals at the higher rate of k 2 for Models 2 and 3, as τ > T 1 . For Models 2 and 3, as the frequency increases, τ increases and so the quantity of minerals deposited increases, until the frequency is high enough that τ = T 1 , which occurs when ω = 5000 units of time as indicated by a Y in Figure 6 (b). At higher frequencies, Model 2 predicts that frequency has no effect on the quantity of minerals deposited for the same reason as for Model 1; mτ is independent of ω. Although there is no specific research on the effect of applications of hydrostatic pressure to tissue engineered bone samples at high frequencies to the author's knowledge, physiological ranges are normally chosen for tissue engineering studies, and it is known that adverse effects can occur outside these ranges. As such, experimentally we may expect the cell response to diminish when frequencies become too high for the cells to sense and respond to changes in the applied pressure. Here this is only captured in Model 3, which shows a decreasing quantity of mineral deposited in steps as frequency increases. By Equation (10), n, the number of cycles of loading required for cells to recover from depositing minerals at the higher rate, increases with increasing frequency as discussed in Section 3.2 and illustrated by Figure 5(b) . This results in a decreased average mineral deposition rate when the frequency of the applied loading is a multiple of 7143 (when n increases by one), and less total volume of minerals.
These results indicate that the third mineral deposition model is the most appropriate to describe the response of bone-producing cells to hydrostatic pressure loading, assuming that high frequencies of hydrostatic pressure loading are inhibitory for cell mineral deposition. This assumption requires further experimental testing, and is discussed further in the next section.
Discussion
We have presented a new mathematical model, described by two coupled ordinary differential equations, to characterise tissue engineered bone growth in a hydrostatic pressure bioreactor. The model describes how the volume of cells and minerals vary over time in response to applied hydrostatic pressure. The effects of cell birth, cell death and mineral deposition are accounted for by our mathematical model. The applied loading strategies employed are chosen for their experimental relevance, although our model is sufficiently flexible to allow alternative and more complicated loading strategies to be employed.
Motivated by experimental observations, which illustrate that stimulation under oscillatory hydrostatic pressure results in a construct with a higher mineralised volume than under no stimulation, we hypothesise that bone-producing cells respond to hydrostatic pressure by altering their mineral deposition rate, and postulate functional forms for this pressure-dependence. The predicted response for three separate hypotheses for the pressure-dependent mineral deposition rate, which show a sequential increase in complexity capturing additional physical phenomena, are compared to experimental observations, for illustrative parameter values. It is known that the response of bone-producing cells to mechanical stimulation is highly regulated (Mullender et al., 2004; Klein-Nulend et al., 2005; Chen et al., 2010) . Here, we have assumed a simple response to hydrostatic pressure to represent a large number of different signalling pathways that are present within the experimental setup. The first model, which hypothesises that cells respond to applied pressures above a pressure threshold by increasing their mineral deposition rate, overestimates the volume of minerals deposited when the constructs are subjected to long applications of static elevated pressure. The addition of a temporal limitation in the mineral deposition response in Models 2 and 3 prevents this, which is in line with experimental evidence and current theories of cell biology. Here we hypothesise that the length of time that cells may deposit at a higher rate is limited by stores of signalling molecules, which may only be regenerated when the applied pressure drops below the pressure threshold. This demonstrates the need for dynamic stimulation to maintain a high mineral deposition rate, as has been illustrated in experimental studies (Henstock et al., 2013; Turner, 1998; Klein-Nulend et al., 2005) . By considering the response over a range of amplitudes and frequencies of intermittent cyclic loading, we illustrate that Model 3 is likely to be more appropriate than Model 2, as it includes a regeneration time, thereby limiting the mineral deposition rate response as the frequency of loading gets high. This is not included in Model 2, which predicts that the quantity of minerals deposited remains at a maximal value, no matter how high the frequency of oscillatory stimulation with a constant amplitude. Although the response of bone-producing cells under applications of oscillatory loading at high frequencies has not been investigated experientially to the authors' knowledge, this is a reasonable assumption given that physiological ranges of loading are known to stimulate higher quantities of mineralised matrix to be deposited than non-physiological ranges.
A number of assumptions have been made during the development of the models presented here. We assumed that the proportion of osteoblasts, the cells which perform mineralisation, and osteocytes, the cells which sense mechanical stimulation and convert this into chemical signals, remains constant throughout time. Future work on evaluating the time-dependent evolution of the cell numbers of the different cell types would enable more accurate models to be built, where the two cell populations are modelled separately and differentiation, and communication, between the cell types is included. In this paper we have focused on the bone-cell response to pressure stimulation within physiological ranges. If the bioreactor equipment is modified in the future to include applications of significantly higher pressures, then it may be appropriate to consider a second pressure threshold, above which the rate of mineralisation decreases, as well as the effect of pressure-dependent apoptosis that is known to begin to occur at ranges of 100 -200 MPa (Rivalain et al., 2010) . In developing the models presented in this paper, we have ignored spatial effects, assumed the system is well nourished and focused on the temporal response to applied pressure. As such we have neglected the effects of nutrient-limited growth and shear-stress mediated responses, which may also be influential in the quantity of minerals deposited (Martin, 2004; McCoy and O'Brien, 2010; Yeatts and Fisher, 2011; Riddle and Donahue, 2009; Leonard, 2014) .
In conclusion, we have presented a simple model to identify the bone-cell response to dynamic hydrostatic pressure loading in a tissue engineering setup. Our work postulates that cells have some memory of the hydrostatic pressure loading they have received, which limits their mineralisation response on static applications of elevated pressure. Furthermore, assuming that high frequencies of applied oscillatory loading are inhibitory, we have illustrated that the inclusion of a recovery time to higher rates of mineral deposition is important in representing the volume of deposited minerals.
